We prove that there is a bounded linear operator T : 1, + 1, for which there is no closest compact linear K : I, + k . A similar result is proved for an operator from I1 to L,(O, 1). This implies, in the cases where X = L,(O, I), X = L(0, 1) or X = C(0, l), that there is an operator T : X + X with no best compact approximation (see Appendix). We show that Lr(O, 1) contains a set S, bounded and non-empty, for which infc supzE, d(q C) over all compact subsets C of L,(O, 1) is not attained. The set S is used to prove the above results.
INTR~DUCTT~N
Several authors have considered the problem of determining the pairs of Banach spaces E, F for which C(E, r;) is proximinal in L(E, F). (See Section 2 for definitions and notations.) In particular, C(E, E) is known to be proximinal in L(E, E) when E = f, , 1 < p < co, or E = cO . (See [l, [3] [4] [5] [6] [7] 9, Ill. [I] contains a detailed historical survey.) However, we prove: THEOREM 1. C(l, , I,) is nof a proxirninal subspace of L(1, , 1,).
It seems that the above is the first example of a classical Banach space E for which C(E, E) is not proximinal in L(E, E).
For a bounded set S in a Banach space E we consider the infimum a(S) = inf sup d(x, C), c ZES (1.1) THEOREM 2. The space L,(O, 1) has a bounded subset S szrciz that for every compact subset C of L, (O, 1) there is x ES with d(x, C) > a(S). (That Is, the injimunz (I .I) is not attained.) Theorem 2 will be proved in Section 3 and will be used in Section 4 to prove Theorem 1. We will also prove the following. 
DEFINITIONS, NOTATIONS, AND CONVENTIONS
An "operator" in this paper is always bounded and linear. When E and F are Banach spaces, L(E, F) denotes the Banach space of all operators from E to F, with the sup norm. C(E, F) is the subspace of L(E, F) of the compact operators. When E and F are fixed, the essential norm (introduced in
i/ T I/@ depends on F-if F is a subspace of G and J: F + G is the inclusion, ij JT jje may be smaller than II T jle (cf.
[la]). By a "set" here we mean a nonempty set. A set S in a metric space (X, d) is said to be proximinal if for every x in X there is y in S so that d(x, y) = d(x, S), where d(x, 5') = inf(d(x, z): z G S>. When A and B are sets in a vector space and h is a scalar, A + is the set of all sums x + y, x E A, y E B and XA is the set of all X multiples of elements of A. Finally, for a Banach space E, BE denotes the closed unit ball of E. The Lebesgue measure will be denoted by A. Since SC (3CJ -t (1 + I/B) B for every ~1, a(s) < 1 + l/n for every n.
Hence a(S) < 1. Since (b) implies a(S) > 1, it is sufficient to prove (b).
Let K be a compact subset of L,(O, 1). For some ,8 > 0, KC j3B. The projections 43, converge uniformly to I on compact sets. Thus, for a suitable integer p > 1, 11 f -Pgf// < & for every f~ K. Let KI be the compact set Kl = (I --P,) K Now define u == CY( p) 3 2 and E = E( pj > 0 by
(a > 2 yields E > 0 easily). There exists an integer q, q > p, so that (I -I',> Kl C EB. Thus, iYcpc, + QCq + E-B. (ii) For everyj = 1, 2, 3 ,..., 2p and every JZ = p + I,p + 2, p + 3 ,..., q, h(A n O,C")) = %A(&)) = %2+" for exactly 2n-9-1 of the 2n-* indices i satisfying Ajn) C 0)") and h(A n Al%)) = (1 -%j 2-" for the remaining The following fact is well known and easy to prove. PR~PoS~ION 3 . Let E and F be Banach spaces. The map ai: L(E, P") --f L(F, E*) de$ned by a(T) = T*J, where J: F -+ F** is the natural embedding, is a isometry onto. Furth.ermore, 01 maps C(E, F*) onto C(F, E").
ProojI Let JI : E + E ** be the natural embedding. Define /3: L(F, E*) + L(E, F*) by /3(S) = S*J, . It is easy to see now that CI 0 /3 and /3 o u are the identities of L(F, E*) and L(E, F*), respectively. Since (j: and /3 are both contractive, the isometry claim is proved. (y. is surjective since it has a right side inverse. Finally, if T is compact, T*J = a(T) is compact and if T"J is compact, T = (T*J)* J1 is also compact. Benyamini has obtained an interesting consequence of the results of this paper. We reproduce it here. First we need LEMMA. Let X be a separable subspace of i, . Then there is a subspace E of I, , XC E C 1, so that E is isometric to a range of a contractive projection in C(0, 1).
Proof. We assume the scalar field is complex; for the real case an obvious modification yields the same. Denote by E the (separable commutative) algebra with involution generated in Z, by X and the unit (1, l,...). By the Gelfand-Naimark theorem (see [12] ), E is isometric to some C(S) with S a compact metric space (E is separable-thus S is metric). By Milutin's lemma (see [12] ), C(S) is isometric to the range of a contractive projection in C(0, 1). The author wishes to thank Professor L. E. Dor for a helpful conversation.
